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Spacecraft Orientation Based on Space Object Observations

by Means of Quaternion Algebra

L. Aramanovitch
State University of Geodesy and Cartography, Moscow 103064, Russia

The problem of spacecraft orientation through observations of space objects having zero as well as nonzero
daily parallax is solved by means of quaternion algebra. It is assumed that there are unit vectors, which are known
directions of several space objects in the inertial reference system, and the same unit vectors are measured in the
body-fixed reference system. A new quaternion algorithm is suggested for the case when measurements of “near-
body” ebjects are used. The solution of the problem is formulated as a quaternion conditional extremum problem,
and both the position vector and three-axis attitude of the spacecraft are determined by the Lagrange multipliers
method. The application of quaternions avoids numerous trigonometric calculations and gives a solution suitable
for both theoretical analysis and computations. The method can also be useful in space photogrammetry and

astronomy.

Nomenclature

A = quaternions and matrices (uppercase letters)
AT = transposed matrix

a scalar (lowercase letters)

a column vector

I, = identity ( x n) matrix

1. Introduction

HE present paper contains an application of quaternions to the

well-known spacecraft orientation problem that can be summa-
rized as follows. Assume that there are several space objects with
unit vectors of their directions defined in an inertial reference frame.
These space objects can be the sun, planets, stars, satellites, etc. On
the other hand, coordinates of the same unit vectors are measured
in the spacecraft-body coordinate system. Having this set of the
vector measurements, one has to determine the position vector and
attitude of the spacecraft in the inertial reference frame. Two differ-
ent cases are possible: The observed objects have zero and nonzero
daily parallax. It means that the distance between the spacecraft and
the observed objects is considered to be infinitely large in compar-
ison with the distance between the spacecraft and the origin of the
inertial reference frame in the first case, and the distances are of
the same order in the second case. For example, if the spacecraft is
moving around the Earth or the sun, one has the case of zero daily
parallax objects if stars are observed and the case of nonzero daily
parallax if the observed objects are planets or satellites. In the first
case the unit vectors in the inertial and in the body-fixed reference
frames can be considered colinear. This case is nothing else but the
well-known Wahba’s problem.! Various deterministic and optimal
algorithms based on matrix~vector and quaternion representations
were suggested and thoroughly examined both from theoretical and
numerical points of view. See, for instance, Lerner,? Shuster,>¢

Markley,”® Golub and von Matt,” Grienger,'’ Bar-Itzhack and
Oshman,!! and many others. In photogrammetry the same prob-
lem is known as the rototranslation problem, and its solution, which
is closest to the ideas of the present paper, was given by Sanso.'?

The case of nonzero daily parallax objects is more complicated
for a description since the unit vectors are now not colinear but
coplanar. Existing matrix—vector algorithms are rather burdensome
and they call for numerous trigonometric calculations. See, for in-
stance, Urmaev.!> We suggest a new solution based on quaternion
representation for this case.

The paper consists of two parts. In the first one the well-known
principal properties of quaternion algebra as well as new results in
this field are given briefly for the reader’s sake. We used the book by
Branez and Shmiglevsky,* the paper by Grafarend and Schaffrin,>
the paper by Battin,'® and the paper by the author!” when expoun-
ding this theory.

The second part is devoted to the precise statement of the prob-
lem and its solution in quaternions. Our main concern is with objects
having nonzero daily parallax. The solution is formulated as a condi-
tional extremum problem in the set of quaternions and both the posi-
tion vector and three-axis attitude of the spacecraft are determined.
We use the same quaternion variant of the Lagrange multipliers
method, which was sucessfully employed in the previous papers by
the author for the exterior photograph orientation problem,'” the rel-
ative photograph orientation problem,'® and problems of the Kalman
filter.'>® Two cases are considered: attitude of the spacecraft is
known or unknown. An exact solution is given in the first case and a
linearization of quaternion equations is suggested in the second one.

II. Some Knowledge of Quaternion Algebra
A. General Observations Concerning Quaternions
The quantity A = ag + ia) + ja, + kas, where ay, a1, az, a3
are any real numbers and i, j, k are so-called imaginary units, is
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called a quaternion. (In some papers the notation A = ia; + ja, +
kas + a4 is used.) The numbers ap, g;, g2, as are called coefficients
of A. If ay = 0, the quaternion is called an imaginary one. The
imaginary units £, j, k can be identified with basis vectors of a three-
dimensional frame of reference S; hence a,, a,, a; can be considered
as coordinates of a certain vector @ in S . It is symbolically written
as A = ayp+a. The scalar (or real) part of A is denoted as ay = Re A
and the vector (or imaginary) part of it isa = Im A.

On the other hand, an imaginary quaternion R can be associated
with any vector r by the rule R = iry + jr, + krs, where ry, ry, r3
are coordinates of r in a frame of reference S. We use a subscript,
as in Ry, to denote the frame of reference where r is considered.

Two quaternions are equal to each other if their real and imaginary
parts are equal correspondingly.

Arithmetic operations are carried out as follows:

A+B=a0+bo+a+b, CA=Ca()+Cll (1)

where c is a real number. These operations are commutative, asso-
ciative, and distributive.
The product of two quaternions A and B is defined as

AB =agby —a-b+ayb+boa+axb 2)

where a - b is a scalar product of vectors @ and b and a X b is their
vector product. It is clear that quaternion multiplication is associa-
tive, distributive, but noncommutative. Evidently, AB = BA if and
only if either one of the quaternions is a scalar or their vector parts
are colinear vectors. However, we have, for any quaternion,

Re AB = Re BA 3)

Equality (3) makes it possible to transpose quaternions in spite of
their multiplication being noncommutative.

The following relations emerge from Eq. (2) for imaginary quater-
nions:

AB+ BA=-2a-b=2Re AB

AB~BA=2axb=2ImAB
@

C(AB — BA)+(AB — BA)C = —-4aXxb-c
=4Re (CIm AB)
where a x b - ¢ is a scalar triple product of vectors. Thus the well-

known vector relations can be written in a quaternion form as rela-
tions between the associated quaternions:

AB+ BA =0 (orthogonality)
AB — BA =0 (collinearity) (5)

C(AB — BA) +(AB — BA)C =0 (coplanarity)
The following important assertion can be easily proved:
IfRe AB =0forall B, then A =0 6)

The quaternion A* = ay — a is called the conjugate quaternion.
Thus Re A* = Re A, Im A* = —Im A. The following properties of
A* hold:

D) (A% = A 4HA+ A" =2Re A
DA+ B =A"+B" 5A-A*=2ImA 0

3) (AB)* = B*A* 6)A*=—AiffReA=0

The norm of quaternion A is |A||> = a2 + |a|?, where |a| is the

length of @ . If ||A}| = 1, the quaternion is called normalized. The
following properties of the norm are obvious:

Al = 0iff A =0,
1A} = 1A},

A2 = AA* = A*A

®
1AB| = I ATIBI
A reciprocal quaternion A~!is defined for A # O as A™'A = 1.
For normalized quaternions A~! = A*.
Every quaternion A can be also represented in a trigonometric
form

A = |lAll(cosu + e sinu) e

where cosu = ap/||A|l, sinu = {a|/||All, 0 < u < 7, and the unit
vector e = a/l|a|. The vector e is called an axis of A.

B. Relations Between Quaternions and Rotations

The application of quaternions to a description of three-dim-
ensional rotations is based on the following main theorems.

Theorem 1. Let A and R be quaternions with nonzero vector
parts where A is represented by Eq. (9). Then the norm and the
scalar part of R = ARA™! are equal to those of R. The imaginary
part Im R’ is equal to the vector resulting from rotation of Im R
through the angle 2u about the axis e.

The most important statement of quaternion theory is that a set of
normalized quaternions is isomorphic to a set of three-dimensional
rotations. This is a consequence of Theorem 1.

If a frame of reference S is rotated to a new position §’ and a nor-
malized quaternion A corresponds to this rotation, this is denoted as

§ = ASA* 10$)

Notation (10) means that quaternions Rs(e,) and Ry (e;), associated
with the basis vectorse, ande! , g = 1,2, 3of S and §', respectively,
are related to each other as follows:

Rs(e;) = ARs(e,)A", qg=12,3 (11
We used A* in Egs. (10) and (11) because A~! = A* for normalized
quaternions.

The conjugate quaternion A* realizes the inverse rotation.

Theorem 2. Let r be a fixed vector in a reference frame §
and Ry be its associated quaternion. Let a new reference frame
S’ be obtained by formula (10). Then the new coordinates of r
with respect to S’ coincide with the coefficients of Im Ry, where
Ry = A*RsA.

Theorem 2 is the inverse to Theorem 1. The latter describes the
changing of vector coordinates under a rotation of this vector and
Theorem 2 corresponds to a reference frame rotation.

Up to this point we considered only rotation of the reference
frames. Now, assume that the rotation is supplemented with a par-
allel displacement. Let S and S’ be three-dimensional right-handed
orthogonal frames of reference as before. Here, S’ is rotated about
S by formula (10) and then is translated in parallel. Let b be a po-
sition vector of the origin of S’ with respect to S. Assume that r is
an arbitrary vector in S. According to Theorem 2, the coordinates
of r with respect to S’ coincide with the coefficients of the imag-
inary part of Ry = A*RgA, where R is a quaternion associated
with r. At the same time, if r is treated as a position vector of its
terminal point M, the coordinates of this immobile point M with
respect to S’ are the coefficients of the imaginary part of quaternion
Ry = A*(Rs — Bs)A, where By is a quaternion associated with b.
Of course, when constructing quaternions Rg and By, both r and b
must be related to S.

C. Relations Between Quaternions and Matrices

Now, let us denote a four-dimensional vector with coordinates
equal to the coefficients of a quaternion A by v,. Using Eq. (2),
coordinates of the vector v4 5 corresponding to the product AB can
be written in the matrix form

vag = G1(A)vp = G1(Bva (12)
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where matrices G;(A) and G,(B) are the following:

-a() —a; -—ap —-03_
Gy (A) = a ay —a3 az
az as ay —ay
:aa —az a) ao__J 13)
by —by —b, —b;
b, by by —b,
G,(B) =
2(B) by —by by b
L b3 by, —b; by _|

For an arbitrary number of factors one has

Varagan = G1(AD - G(Ap )4, = G2(Ay) -+ - Ga(A2)vy,
(14)
Using Eq. (12) it can be shown that there are the following rela-

tions between coordinates of v 4, 4,...4, and coordinates of v,,, m =
2,...,n—1L

Vaa, = Gi1(AD - G1(An-1)G2(Ap) - - - G2(Apmy1)Va,,
15)
=G2(An) - Go(Ans1)G1(AD) - Gi{An_1)Va,

The following properties of matrices G and G, are immediately
deduced from Egs. (12-15):

1) G,(A*) = G (A), qg=12

2) G,(A+ B) = G4(A) + G4(B),

3) G1(AB) = G1(A)G(B),

4) G1(A)G2(B) = Go(B)G1(A).
From Eq. (15) and property 1 of Eq. (16) it follows that

q=12
(16)
G2(AB) = G1(B)G2(A)

Vapar = G1(A)G) (A)vp an

If quaternion B has a zero scalar part, then Eq. (17) is reduced to
the equalities

Re ABA* =0 18
Im ABA* = [(2a} — | A|1*) I + 2aa” + 2a9K (a)|Im B 18)
where K (a) is a skew-symmetric matrix defined by
0 —aj3 ay
K@) = as 0 —-a 19)

It is easy to verify that for a normalized quaternion A the matrix on
the right of relation (18) is nothing but the well-known Rodriguez
matrix.

By definition, one has that K () is the cross-product matrix, i.e.,
K(a)r = a xr. Hence, K(@)a = 0 and K (a)r = —K (r)a.

The relationships between quaternions and matrices considered
above can be applied to solving a linear quaternion equation. A
general form is

AX+XB+CXD=F (20)

where X is an unknown quaternion and A, B, C, D, F are known
ones. Transferring Eq. (20) to matrix form, one has

[G1(A) + G2(B) + G(C)G2(D)vx = vr @1

This matrix equation has a unique solution if and only if the deter-
minant of the system does not vanish.

D. Extremum Problems in Set of Quaternions

Various problems connected with rotations of bodies can be for-
mulated as extremum problems in a set of quaternions; i.e., one has
to find a point of extremum of a loss function f(X), where f(X)
is a scalar function of a quaternion argument X. Thus, we need to
have a suitable method to determine this point of extremum.

We define the directional derivative of the scalar function f(X)
by the following way. Let H be an arbitrary quaternion and ¢ be a
scalar quantity; the derivative of f(X) in the direction of H is

U ]
fa(X) = elgl}) 8Ef(X +¢eH) (22)

Using results of functional calculus,?' it can be proved that if
the continuous function fy (X) of quaternion argument X exists for
every H, then that point X in which the equality

frX)=0 (23)

is fulfilled for every H is a point of an extremum. Moreover, if f(X)
is a quadratic function, this point is a point of a minimum.

Condition (23) contains an arbitrary quaternion H, but it is pos-
sible to eliminate it for the whole class of quadratic loss functions
by using the properties of quaternions. It is the most important class
for practical problems, namely,

n

FX) =ZNF(1(X)I|2 (24)

q=1

where F,(X) is a quaternion function of a quaternion argument.
Since this result is of main importance for future considerations let
us consider a simple example to make it clear.

Example. One has to find the minimum of the function f(X) =
|A—~ BX||?, where A, B are known quaternions. According to defi-
nition (22), using also Eq. (3) and the properties of conjugate quater-
nions, one has

i)
fi(X) = lim —[|A — B(X + eH)|?
e—>0 0&

9
= lim — (A — BX — eBH)(A — BX — eBH)*
e>0 08

=—BH(A—-BX)"— (A— BX)(BH)"
=—2Re BH(A— BX)" =—2Re(A — BX)*BH 25)

As it must be zero for every H, using Eq. (6), one gets immediately
an algebraic quaternion equation (A — BX)*B = 0. Hence, X =
B7'A, and it is a point of a minimum evidently.

In the multivariable case when f(X,, X,,..., X,,) is a scalar
function of several quaternion arguments, the directional derivative
with respect to X, is defined as

! : 3
Jx,n (X1, X2, .0, Xp) = lim —fXy, ..., Xy+€H, ..., X,)

e—>0 08 26)

where H is an arbitrary quaternion and ¢ is a scalar as before. In a
point of an extremum we have the set of equations, for every H,

flon i X) =0

: (27
foon X X)) =0

It is possible to eliminate H from Eq. (27) for the quadratic loss
multivariable functions of the same type as Eq. (24).

Other examples of extremum problems in sets of quaternions are
described in papers by the author.!”%

Itis not possible to give here an exhaustive review of all properties
of quaternions. Hence we restrict our considerations to the ones
given above.



862 ARAMANOVITCH

III. Problem of Spacecraft Orientation Through
Observations of Space Objects

Inthis section, a general problem of spacecraft orientation through
observation (or photographs) of several space objects is considered.
We do not make a distinction between “to photograph” and “to
observe,” implying that the unit direction vectors of the objects
observed or, what is the same, of their images in the photograph are
related to a body-fixed reference frame.

A. Formulation of Problem in Terms of Quaternions

Let us consider the following reference systems: S is a three-
dimensional, right-handed, and orthogonal body-fixed reference
frame and G is an arbitrary, three-dimensional, right-handed or-
thogonal inertial reference frame. The position and attitude of the
spacecraft are identified with the position of the origin of S and
attitude of § with respect to G.

Two types of observed objects are possible. One type (stars) has
zero daily parallax, since stars are usually assumed to be infinitely
distant objects. The other type (planets, satellites, etc.) is assumed
to have nonzero daily parallax. The choice of G is dictated by the
specific character of the problem. For example, the origin of G can
be chosen in the center of mass of a planet system when planets
are observed. It also seems to be useful to take G to be an inertial
frame of reference with the origin at the barycenter of the Earth—
moon system when satellites are used for orientation. Finally, if one
has star observations, the choice of G is governed by reasons of
convenience.

Letr,, g =1,2,...,n, be unit vectors fixing directions to the
objects observed with respect to G and m, be unit vectors fixing
directions to the objects in S. One has to determine the coordinates
of the origin of § (vector b) related to G and the attitude of S with
respect to G at the instant of observation.

In terms of quaternions we have the following formulation of the
problem. Let R, and M, be imaginary quaternions corresponding
to r, and m,, respectively, The subscripts G and § indicate the
reference frame to which the vector is related. Let X be an unknown
quaternion describing the rotation that connects S and G and B be
a quaternion associated with the unknown vector b related to G.

Taking into account only rotation, we have

G = XSX* 28)

If S is a body-fixed photograph reference frame, one has to use
a scale factor in Eq. (28) additionally because of the difference
between units of measurement in § and G. We omit this factor for
simplicity. Otherwise all considerations are readily corrected.
Since X describes only rotation, it is a normalized quaternion.
Relationship (28) between G and S dictates the relationship between
quaternions Mys and M, that are associated with m, as follows:

My = X*M,;sX 29

Then two cases have to be considered.

1) Case of objects with zero daily parallax. In this case, the direc-
tions of r, and m, coincide. These vectors are collinear with norms
equal to 1 (Fig. 1). Hence, the coordinates of the vectors are equal
to each other when the vectors are related to a common reference
frame. Imaginary quaternions M, and R, must be equal too:

Ry = X*M,sX (30)

The error of this equality is an imaginary quaternion Q,(X) =
Ry — X*M,sX. According to the method of least squares, one has
to minimize the scalar function f(X) of a quaternion argument

FOO =Y 10,017 31

g=1

with respect to X under the condition || X} = 1.

It is easy to see that the formulation obtained above is the quater-
nion form of Wahba’s problem (or rototranslation problem in pho-
togrammetry). The unknown quaternion B is absent in Eq. (31). It
means that the moderate parallel displacement has no effect on star

Fig.1 Geometry of collinearity condition (case of zero daily parallax).

N

-0z

1
m
q _—

S
I"q
b

Fig. 2 Geometry of coplanarity condition (case of nonzero daily par-
allax).

observations and only the spacecraft attitude X can be determined
in this case.

2) Case of objects with nonzero daily parallax. Now, r, and
m, are not collinear, but there is a coplanarity condition that can
be used. This condition implies that the two unit vectors r, and
my, as well as the unknown vector b must lie in a common plane
(Fig. 2). The coplanarity condition is also fundamental for the rel-
ative orientation problem in photogrammetry when one has to re-
construct the perspective conditions between a pair of photographs
that existed at the instant of exposure. (See Ref. 18.) The copla-
narity condition means that the scalar triple product of r,, m,, and
b is zero for any g when these vectors are related, for instance,
to G:

rgxmg-b=0 32)
According to Eq. (5), this relationship written in quaternion form is
(RgeMyc — My Ry6)B + B(RyggMyc — MucR,6) =0 (33)
Then, substituting Eq. (29) into Eq. (33) and denoting
T,(X) = Ryg X" MysX — X*Mys X Ryi (34
one gets the basic relationship
T,(X)B+BT,(X) =0 (35)

The quaternion T,(X) has a simple geometric significance.
Clearly its vector part 7, = Im T,(X) is twice a vector product
of r, and m, when both are related to G, and the scalar part of
T,(X) is equal to zero, thatis, T = —T,.

The error equation corresponéing to Eq. (35) is

eg(X, B) = T,(X) B + BT,(X) (36)
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The quantity e, is not a quaternion but a scalar, as it is equal to twice
the scalar product of b and T,. According to the method of least
squares, we have to minimize the scalar function of the quaternion
arguments

¢(X,B) =) lleg(X, BI* (37
g=1

with respect to X and B under the condition
I1x)* =1 (38)

In spite of e, being a scalar, we write ||e, ||* instead of ¢ in order to
be more general for future considerations.

Evidently, ¢ (X, B) has a minimum for B = 0, even if there is a
distance between the origins of S and G, thatis, B # 0. It means that
we must have an additional condition for getting a nonzero solution.
Suppose, for instance, that the length of the vector b is measured at
the instant of observation, i.e.,

bl =|Bll =8 (39

Condition (39), as well as Eq. (38), is necessary for the mathematical
treatment of the quaternion extremum problem.

Thus, the initial problem is reduced to the conditional extremum
problem in terms of quaternions.

B. Solution of Conditional Extremmum Problem

The conditional extremum problem (37-39) is solved by the
Lagrange multipliers method. Let f(X, B, y1, y2) be an auxiliary
Lagrange function

(X, B, v, v2) = ¢(X, B) + n(IXI* = 1) + »(IBI* - 87
(40)

where y; and y, are the scalar Lagrange multipliers. The partial
derivative of f(X, B, y1, y2) with respect to X in the direction of
an arbitrary quaternion H is

3
; B = li =
Sxu X, B, y1, y2) = lim 3%

x <Z|]eq(X+£H, B +» |]X+8H]|2) @1

g=1

Since e, depends on the quaternion 7, the latter one will be our
initial concem. Using Eq. (34) and retaining only the linear terms
in &, one has the following representation of 7, when X is changed
to X +eH:

T,(X+¢eH) =T, (X)+eL(X,H)+--- 42)
where
Ly(X, HY = RygH*MysX + Ry X*MysH — H*MysX Ry
— X*M,sHR,

Next, according to Eq. (36) and also retaining only the linear
terms in £, we have

eq(X—i—aH, B) = e, (X, B)+£(LqB+BLq)+--~ 43)
Then, the derivative of ¢,(X, B) is
[e (X, B)],X,H =2Ree, (X, B)(LyB + BL,) 44)

Bearing in mind that e, is a scalar and hence can be interchanged
with the symbol Re, one has finally

fenX. By, y) =2 ey(X, BRe(L,B + BL,)
g=1

+2y Re XH (45)

Now, we need to reduce this expression to a form that allows use
of assertion (6) to eliminate the arbitrary quaternion H. We trans-
form Eq. (45) by using the following considerations. Evidently, from
Eq. (42), L;=-L, insofar as M5 and R, are imaginary quater-
nions. Thus

L,B+BL,=2ReL,B (46)

On substituting Eq. (42) for L, into the right side of Eq. (46), we then
transform every item in it. Using properties of conjugate quaternions
and equality (3), we obtain
Re Rq(;H*quXB = Re MqSXBRqGH*
Re Ry X*M,sHB =Re HBR;c X" Mys = —Re MysXR,cBH*
Re H*ququ(;B =Re Mq_gXRq(;BH*
ReX*M,sHR,cB = —Re M,;sXBR,cH" @7

Combining similar terms, we have
ReL;B =2Re(M,;sXBR,c — MysXR,cB)H* (48)

By this means one has an ultimate expression for the partial deriva-
tive:

FinX By, y) =8 ey(X, BRe(MysXBRyg
g=1

—~ MysXR,cB)H* +2y;Re XH* (49)

Asitmust be zero for an arbitrary quaternion H, according to Eq. (6),
we get the first algebraic equation

43" ey(X, BYMysX(BRyg — RigB) + X =0 (50)

g=1

It does not contain H any more.
Analogously, the partial derivative with respect to B is

]
» u(X, B, v, = lim —
fB,H( Y1, ¥2) eLn}) 9

x (Zneq(X.B+aH)u2+yzuB+an2) )
g=1 /
Substituting Eq. (43) into Eq. (51) and rearranging, one has

n
FonX, By v) =4 e(X, BReT; H* +2y,Re BH*
g=1
(52)

This derivative must be zero for an arbitrary quaternion H too; hence
we obtain the second algebraic equation

2) ey(X, BYT; + 2B =0 (53)
g=1

Thus, we have obtained the set of four algebraic quaternion equa-
tions (38), (39), (50), and (53) with respect to the unknown quater-
nions X, B and scalar multipliers y4, y».

Let us further consider two cases: Orientation of the spacecraft is
known and unknown at the instant of measurements.

C. Case of Known Orientation

When the orientation of the spacecraft is known, the quaternion
X is known, and only B (i.e., vector ) must be determined. If
there were no instrumental errors, b might be easily found from the
following simple considerations.

Asr,, my,and b are coplanar, b is orthogonal to the vector product
ofr, andm,. Hence, b is orthogonal to 7, and we have the following
equations for b:

b =0, g=1,2,...,n (54)
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Coordinates of T, are constructed directly from the datar,, mg, X
in the following way. First, using Eq. (18), we find the coordinates
ofm, in G:

myc =1Im X*MysX = [(2x) — 1) 5+ 2xx" — 2x0K (%) Jm, (55)

where xp = ReX, x = Im X. Then, by the definition of matrix K,
one has

Ty = 2K({r,)m,¢ (56)

It follows immediately from Eq. (54) that b cannot be uniquely
determined if only one object is observed, as there is a whole plane
orthogonal to the only vector ;. When there are just two objects
observed, b is uniquely expressed in the form

b= (11 xT2/|T) X T2|)B (57

The direction of & should be taken such that it lies in the part of
space where the spacecraft is located.

Finally, if there are more than two observed objects, the set of
equations (54) is undetermined and one has to use the method of
least squares in a regular way, i.e., to minimize the loss function
with respect to b:

n

> (7p)* (58)

g=1

The same situation occurs whenever the measurement errors exist.

However, we can find b without the foregoing well-known con-
siderations but at once from the quaternion equation (53). Using
Eq. (36), Eq. (53) becomes

2 " (T,BT; + BIT,I?) + B =0 (59)

q=1

According to Eq. (18), we have Re T, BT = 0 and Im 7, BT =
(~ITy*ls 4 2747])b as Re T, = 0. Then in terms of matrices,
Eq. (59) becomes

n
4 Z ToTIb +12b =0 (60)

g=1

Apparently the desired vector b and the scalar y, are respec-
tively an eigenvector and an eigenvalue of the symmetric matrix
Z;=1 7,75 . The eigenvector is determined within an arbitrary
constant factor that can be used to satisfy the equality |b| = B.
As ZZ=1 T(ITZ is a real symmetric matrix of dimension 3 x 3, it
has three real eigenvalues that can be determined exactly. The de-
sired eigenvalue y; is the one such that the value —y,8%/4 is the
smallest. To verify this condition, multiply Eq. (60) by 57 on the
left, yielding

4 (I +pp?=0 (61)
g=1

When Eq. (61) is compared with Eq. (58), the eigenvalue require-
ment is confirmed.

The comparison of the known results and the solution in quater-
nions cited in this paragraph verify the correctness of the quaternion
formulas.

D. Case of Unknown Orientation of Spacecraft

The complete set of Egs. (38), (39), (50), and (53) has to be solved
in this case. It is not a linear problem; hence we have first to linearize
it.

For simplicity of notation, we shall omit further indices S and G
as there is no risk of ambiguity. Of course, we keep in mind that
quaternions M, and R, are associated with m, and r, measured in
S and G, respectively. For the sake of simplicity, assume also that
my, and r, are measured exactly.

Let X, By be initial approximations of the unknown quaternions
X and B, and || Xy|| = 1, || By|| = B. The initial approximations of

unknown scalars y; and y, can be found in the following way. On
multiplying Eq. (50) by X* to the left, one has

4 e (X, BYX*M X (BR, = RyB)+ 71 =0 (62)
g=1

After substituting X, and By in Eq. (62), one gets the initial value
y10. Analogously, on multiplying Eq. (59) by B* to the left, one has

2 (B*T,BT; + BT, 0) + i B =0 (63)
g=1

The initial value y, is found from Eq. (63) when X = X, B = By.

Preparatory to linearize our set of quaternion equations, we will
first consider the X, dependence of T,. Let 6B, 6X, 8y, 8y, be
the desired corrections. On substituting X, and §X for X and ¢H,
respectively, in Eq. (42) and retaining only the linear terms, one has

T,(Xg+8X) = T,(Xo) + R, X" M, Xy + R, X{M, §X
—X;M,8XR, — 8X*M,XoR, = Ty + 8T, 64)
where T,o = T,(Xy). In terms of vectors, Eq. (64) becomes
Vr, = V1,4 Vo1,

In view of Eq. (15) the components of v;7, depend on those of §X
as follows:

vir, = (G1(R))G2(MyXo) — G2(MyXoRg))Vex
+[G (R, XgM,) — G1(XgM)G2(R)vsx (65)
Since §X* =RedX — ImdX, vsxr = Jv;x, where

1 0o o0 O

; 0 -1 0 0 66
“fo o0 -1 o0 (66)
0 0 0 -t

Next, using properties 1-4 of G, and G, after evident rearrange-
ments, Eq. (65) becomes

Ver, = Dyvsx (67)
where
Dy = [Gi(Ry) — G2(R)IIG1(XgMy) + G (M, X ) J]

The properties of G, and G, imply also that the first row of the
matrix D, contains only zeros for every ¢q. It is simple to check the
calculations after constructing D,.

Then, using Eq. (36) and also retaining only the linear terms,we
have, for e, (X, B),

eq(Xo+8X, Bo+ 8B) = e,(Xy, Bo) + 6T, Bo + T,0 6B

+ By ST, + 8B Ty = ey + Se, (68)

or, in terms of vectors,

veq = vqu + v&eq (69)

The vector vs,, is given as
Vie,=1G1(By) + G2(Bp)vsz, + [G1(Th0) + G2(Tyo)vss
=[G1(By) + G2(By)1Dgvsx + [G1(Tyo) + G2(Ty0)]vss 70

Finally, denoting Y, = BR, — R, B, we have
Y,(By+8B) =Y, (By) +8BR, — R; 8B = Yo +8Y, (71)
where Y g = Y, (By). In terms of matrices Eq. (71) becomes

Yy, = Vy +Vsr, = Vi, +1G2(Rg) — Gi(R)Vss (72)
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Now, the main set of equations is easily linearized. Retaining only
linear terms, Eq. (53) becomes

Pio+2) (eqdT; +e,Tj) + v 8B +87:B0 =0 (73)
=1

where Pjy means the left-hand side of Eq. (53) when all unknowns
take initial values. In matrix form, using Egs. (67) and (70) and
considering also that VsT, = Jvsr,, EQ. (73) becomes

Dy1vsp + Diavsx +vpodya = —Vpro 74)

where

Dy =2 Go(T;IG1(Tyo) + Ga(Tyo) + vl
g=1

Di2 =2 ) [Ga(T;)(G1(Bo) + G2(Bo)l + eqo 1D,
g=1

1t can be easily shown by using the properties of G, and G that
the first rows of matrices D;; and D, involve only zeros. On the
one hand, it is also a suitable condition for checking the calculations
when constructing these matrices and, on the other hand, it points to
the fact that matrix Eq. (74) consists of only three ordinary equations.
Analogously, Eq. (50) after linearization becomes

n
Pz() + 4Z(SEquX()Yq() + eq()Mq §X Yq() + eqoMqu BYq)
g=1

+dnXo+ywdéX =0 (75)

where P, means the left-hand side of Eq. (50) when all unknowns
take initial values.

Then, omitting intermediate rearrangements, one re-expresses
Eq. (75) in terms of matrices,

Dy1vsp + Dypvsy + 8y1vxo = —Vpoo (76)

where

Dyt =4 ) {G2(My Xo¥40)[G1(Ty0) + Ga(Typ)]
g=1

+ e G1(My X0)[G2(Rg) — G1(RI}

Dy = 4Z{G2(M‘7 XoY0)[G1(Bo) + G2(By)1D,

q=1

+e,0G1(M,)Gy(Yo)} + yiols

Both D,; and D»; are 4 x 4 matries; hence Eq. (76) consists of four
ordinary equations.

Equations (38) and (39) linearized and transformed to matrices
become

[G2(Xp) + G1(Xo)Ivsx =0 N
[G2(Bg) + G1(By)J1vsp = 0
From the properties of G; and G,, Eqs. (77) can be simplified.
Moreover, these matrix equations are equivalent to

Viovsx =0, vEvse =0 (78)

respectively. Equations (78) corroborate once more the well-
known result that correction has to be orthogonal to the initial
approximation.

Combining Eqgs. (74), (76), and (78) we obtain a set of nine linear
algebraic equations, written in block form as

Dy D 0 g VsB —Vprio

Dy, DTzz vxo O vsx | _ | ~Vp 79)
0 vy O 0 3% 0

"go 0 0 0 82 0

The obtained set of ordinary linear algebraic equations is very
suitable for computations due to the simple structure of matrices G,
and G, and consequently matrices D. The structure of these matrices
also gives convenient conditions for checking the calculations. The
desired corrections are easily found by solving Eq. (79).

IV. Conclusions

We have shown that the application of quaternions provides a
brief and convenient way of solving the spacecraft orientation prob-
lem. The formulation of the initial problem in terms of the condi-
tional quaternion extremum problem makes it possible to obtain a
solution in a simple manner with no numerous trigonometric calcu-
lations, even when nonzero daily parallax objects are observed. The
quaternion method is very suitable both for theoretical analysis and
computations.

We gave only a theoretical ground for the quaternion algorithm
and confirmed it by means of comparison with the well-known the-
oretical results. Very important problems of numerical realization
of this algorithm (how quickly the algorithm will converge, how
near to “the truth” the initial estimate must be for convergence to
be achievable, whether the algorithm may have singularity prob-
lems for small parallax effects, etc.) are of great interest and require
additional investigation for different practical cases.

The considered quaternion algorithm seems to be also useful for
solving many different problems in space photogrammetry, astron-
omy, and control of a spinning space bodies, particularly if a strap-
down navigation system is used.
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